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Null and X-points of magnetic fields are places at which magnetic field lines with fundamentally
different topologies approach each other arbitrary closely before separating by a distance set by the
overall size of the configuration. Even in a collision-free plasma, magnetic field lines can change
their topology on a scale c/ωpe due to electron inertia. On a time scale set by the shear Alfve´n
wave these effects can spread all along the field lines that come within a c/ωpe distance near a
null or an X-point. Traditional reconnection theories made the assumption that the reconnected
magnetic flux had to be dissipated by an electric field. This assumption is false in three dimensional
systems because an ideal evolution can spatially mix the reconnected flux. This reduces the required
current density for reconnection to compete with evolution from being proportional to the magnetic
Reynolds number Rm to being proportional to lnRm. In three dimensional space, null and X-points
are shown to have analogous effects on magnetic reconnection.
I. INTRODUCTION
In toroidal plasmas, such as axisymmetric toka-
mak plasmas, magnetic evolution is peculiar at X-
points, Figure (1). An X-point has three proper-
ties: (1) The magnetic field line that passes through
the X-point closes on itself. Every point along that
field line is an X-point, so an X-point is in reality
an X-line. (2) The field lines that pass close to an
X-point are of different topological types. The sep-
aratrix that connects X-points, Figure (1), encloses
magnetic field lines, the interior field lines, that have
a fundamentally different topology from those out-
side the separatrix, the exterior field lines. (3) The
magnetic field lines that pass close to the X-line at
one location separate from the X-line exponentially
with distance along the line. In axisymmetric tori,
the number of exponentiations in separation has an
upper bound, as in the case of a divertor of an ax-
isymmetric tokamak. When the distance of closest
approach of a line to the X-line is δ, the maximum
number of exponentiations is ≈ ln(a/δ) where a is
the minor radius of the torus. An exponentially
increasing separation of neighboring magnetic field
lines naturally leads to magnetic reconnection [1, 2].
Electron inertia implies a scale δ0 ≥ c/ωpe always
exists such that all field lines that pass within the
distance δ0 of the X-line can be assumed to recon-
nect on the time scale required for a shear Alfve´n
wave to propagate over the region covered by those
magnetic field lines, whatever the speed of evolution
of the overall magnetic field.
In naturally occurring plasmas, the existence of
magnetic field lines that close on themselves seems
highly unlikely. Nonetheless, almost any evolution
FIG. 1: Separatrix is the standard mathematical term
for a curve or surface that separates trajectories with
fundamentally different topological properties. The fig-
ure is an illustration of a separatrix, which is in the public
domain, from the article Separatrix in Wikipedia. The
emphasized curve is the separatrix, which connects the
two X-points of the figure.
in three spatial dimensions leads to exponentially
separating magnetic field lines and to Alfve´nic re-
connection [2] no matter how close the plasma may
be to giving an ideal magnetic evolution ∂ ~B/∂t =
~∇ × (~u⊥ × ~B). The interpretation of ~u⊥ is the ve-
locity of ideally evolving magnetic field lines [3].
Traditional reconnection theory makes the erro-
neous assumption that the part of the magnetic flux
that is reconnecting, ψp, must be dissipated by the
electric field along the magnetic field lines,
∂ψp
∂t
=
∫
~E · d~`, (1)
which is generally the case in two dimensions. In
three dimensions, an ideal evolution can mix the flux
ψp, which is the poloidal flux in toroidal geometry,
ar
X
iv
:1
90
7.
08
06
2v
2 
 [p
hy
sic
s.p
las
m-
ph
]  
23
 Ju
l 2
01
9
				
	
FIG. 2: The poloidal ψp and toroidal ψt magnetic fluxes
are illustrated along with the poloidal θ and the toroidal
ϕ angles. This is Figure 2 in A. H. Boozer, Nucl. Fusion
57, 056018 (2017).
Figure 2. The current density need not be large to
cause magnetic field lines to exponentiate apart; it
needs to increase only linearly in the number of ex-
ponentiations [4]. The magnetic Reynolds number
is Rm = u⊥τη/a where the overall size of the sys-
tem across the magnetic field is a and the resistive
time scale is τη = µ0a
2/η. When resistivity is the
dominant non-ideal effect, the parallel current must
reach a value j|| ≈ jc lnRm to give sufficient expo-
nentiations [4] for reconnection to balance the flow of
the field lines, where jc = Br/µ0a is the character-
istic current density associated with the reconnect-
ing field, Br. The traditional assumption, Equation
(1), implies the current density must reach a value
j|| ≈ jcRm to have reconnection compete with the
flow velocity u⊥.
Schindler, Hesse, and Birn [5] gave the traditional
view of magnetic reconnection that even in three di-
mensions the reconnecting magnetic flux must be
dissipated, Equation (1). But, this is not required
in three dimensions. In an ideal evolution, flux
can not be dissipated, but the reconnecting flux,
ψp, can be spatially mixed. The discussion is sim-
pler in toroidal geometry, as in a tokamak disrup-
tion. In an ideal evolution [6], the poloidal ψp
and the toroidal ψt magnetic fluxes are tied to-
gether ∂ψp(ψt, t)/∂t = 0, but the position vector
~x(ψt, θ, ϕ, t) can become extremely complicated in
(R,ϕ, z) cylindrical coordinates as time advances,
Figure 2. The poloidal flux [6] is the Hamiltonian
for magnetic field lines, dψt/dϕ = −∂ψp/∂θ and
dθ/dϕ = ∂ψp/∂ψt. When ~x(ψt, θ, ϕ, t) becomes suf-
ficiently complicated, field lines that are very close at
some points along their trajectories can be exponen-
tially more distant at others. The field-line connec-
tions can then be changed by an exponentially small
non-ideal modification, ψp(ψt) → ψp(ψt, θ, ϕ, t), to
produce a large region of stochastic field lines. Mix-
ing can not destroy the poloidal flux, which has the
implication that the magnetic helicity,
∫
~A · ~Bd3x,
is conserved. Equivalently, when reconnection takes
place to produce stochastic magnetic field lines that
cover a region ψt < Ψt, the integral of the poloidal
flux over that region
∫ Ψt
0
ψpdψtdθdϕ is conserved [7]
in the Rm →∞ limit.
An important question is whether null points of
a magnetic field, B2 ≡ B2x + B2y + B2z = 0, have
special reconnection properties. A line along which
B2 = 0 can be removed altogether or broken into
point nulls by an arbitrarily small perturbation, so
isolated point nulls is the only case of any practi-
cal importance. As will be shown null points have
reconnection properties related to X-lines.
In 1988, John Greene noted [8] the close relation-
ship between X-points, which are connected by a
separatrix, and nulls, which are connected by sepa-
rators: “the role of the separatrix is played by a line
of force that connects two isolated nulls.” The ge-
ometry of separators was discussed in 1990 by Lau
and Finn [9]. The role of separators in reconnection
was the subject on a 1993 paper by John Greene
[10]. David Pontin [11] and Eric Priest [12] have re-
viewed the theory of magnetic reconnection in the
presence of nulls. The focus of the literature on re-
connection with nulls is on the formation of a sin-
gular current density, j ∝ Rm, which was thought
to be necessary to have a rapidly reconnecting field
in the limit Rm → ∞. But, the current density
need increase only as lnRm, and the properties of
magnetic fields near null points must be placed in a
somewhat different form, Section II, to make their
relation to X-points explicit. In plasmas of common
interest 106 = e13.8 <∼ Rm <∼ 1014 = e32.2. It might
be noted that the size of the universe is ≈ 1024 km
while c/ωpe ≈ 10 km in the interstellartor medium
within galaxies, so an effective magnetic Reynolds
number greater the 1023 = e52.9 is difficult to imag-
ine.
The magnetic field lines that lie in the interior of
the region enclosed by a separatrix or separator, the
interior lines, have a fundamentally different topol-
ogy from those outside, the exterior lines, Figure (1).
The evolution properties of interior and and exterior
lines are distinct. When the interior magnetic field
lines are embedded in a near ideal plasma, the ex-
terior lines may be unable to carry a steady current
because they intercept an insulator or the time re-
quired for information about their connections may
be far longer than the time scale for the evolution
of the magnetic field in the enclosed region. Infor-
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mation on field line connections propagates at the
shear Alfve´n speed along the magnetic field lines.
The rapid reconnection that can occur over the re-
gion in which field lines come within a distance c/ωpe
of an X-point makes it impossible for separatrices to
prevent Alfve´nic reconnection by themselves.
The peculiar role of X-points in the evolution of
toroidal plasmas was recognized in 1975 by Grad
[13]. Simulations of evolving toroidal plasmas, espe-
cially plasmas of very large aspect ratio, could clarify
effects associated with differing responses of plasmas
interior and exterior to a separatrix including the
implications of very long Alfve´n transit times. Very
restricted simulations of this type have been carried
out for tokamak plasmas [14], but a comprehensive
study has never been a focus.
II. NULL AND X-POINT PROPERTIES
A. ~B near a null
The magnetic field sufficiently close to a point null
has the general form
~B =
Bc
2a
(1 +Q)xxˆ+
Bc
2a
(1−Q)yyˆ − Bc
a
zzˆ
+
µ0
2
~j0 × ~x. (2)
Bc/a is a characteristic magnetic field strength di-
vided by a characteristic spatial scale, ~j0 is the cur-
rent density at the null, Q is a quadrupole constant,
and ~x = xxˆ+yyˆ+zzˆ is the position vector in a Carte-
sian coordinate system with its origin at the null.
The Cartesian coordinates are assumed to be ori-
ented to eliminate the three cross terms in the scalar
potential for the curl-free part of ~B. In other words,
the directions defined by the unit vectors xˆ, yˆ, zˆ are
assumed to have been rotated through the three Eu-
ler angles to null the three cross terms.
In spherical coordinates, the normal magnetic
field to a sphere around the null that has a radius
r → 0 is
~B · rˆ = rBc
2a
(
(sin2 θ − 2 cos2 θ)
+Q sin2 θ cos 2ϕ
)
. (3)
The current density at the null ~j0 does not modify
the normal field. The spine of the null is located at
θ = 0, pi and the fan at θ = pi/2. When |Q| < 1,
all the field lines in the fan move in the opposite
direction relative to the null as do the field lines in
the spine.
B. The electric potential at a null
The electric potential at the null is a constant Φ0
and is determined by the condition that no net cur-
rent enter or leave the null,
∮
~j0 · rˆ sin θdθdϕ = 0,
which is equivalent to ~∇ ·~j = 0 there. The ~∇ ·~j = 0
condition holds throughout plasmas of common in-
terest, Section 8.1.3 of [15].
C. Ohm’s law
A general Ohm’s law has the form ~E+~v× ~B = ~R,
where ~v is the plasma velocity [5]. In non-relativistic
theory, which is used in this paper, ~R is the electric
field in a frame that moves with the plasma. Let Φ
be a solution to ~B · ~∇Φ = − ~B · ~R−EniB, where Eni
is constant along each magnetic field line. Define a
velocity perpendicular to the magnetic field ~u⊥ by
~v⊥ = ~u⊥ + ~B ×
~R+ ~∇Φ
B2
, then (4)
~E + ~u⊥ × ~B = −~∇Φ + Eni~∇`. (5)
The distance along a magnetic field line is `, and
Eni ≡
∫
~E · ~BBd`∫
d`
, (6)
where both integrals are calculated using the same
limits of integration. The integration limits can be
(1) ` → ±∞ as on the irrational magnetic surfaces
of a toroidal plasma, (2) a wall on which Φ has a
specified value, such as Φ = 0 on a perfectly con-
ducting grounded wall, or (3) the potential Φ0 on
the infinitesimal sphere surrounding a null.
The discussion of Equation (16) in [16] implies
an isolated null has a well defined velocity through
space. An ideal evolution is inconsistent with a
change in the quadrupole coefficient Q. As shown in
[16], a change in Q produces a logarithmically sin-
gular magnetic field line velocity. This inconsistency
arises from the change in the ratios of the magnetic
fluxes associated with the normal magnetic field on a
small sphere around a null, Equation (3), that are as-
sociated with magnetic field lines of differing topol-
ogy. A change in the coefficient Bc/a modifies only
the magnitude of the magnetic field, which can occur
in an ideal evolution. Faraday’s and Ampere’s Laws
imply ~B ·∂ ~B/∂t = −µ0~j · ~E−~∇·
(
B2
~E× ~B
B2
)
. The first
term on the righthand side is the transfer of energy
out of the field, ~j · ~E = ~u⊥ · (~j × ~B) + Eni~j · ~∇` and
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the second term is the change in B2 due to compres-
sion of the field. Only terms involving Eni produce
a non-ideal magnetic evoluton.
The presence of null points does not itself intrin-
sically change the nature of reconnection but a null
point is a special case of an X-point and X-points
generally do—even an X-point in an axisymmetric
tokamak.
III. SUMMARY
Both X-points and null points represent places
where magnetic field lines of fundamentally different
topologies and, therefore, evolution properties come
arbitrarily close to one another with other points on
their trajectories separated by distances compara-
ble to the overall system size. Electron inertia pre-
vents even a collision-free plasma from constraining
reconnection on distance scales smaller that c/ωpe,
which implies field lines with fundamentally differ-
ent topologies can not be prevented from reconnect-
ing on that scale independent of the ideality of the
plasma. The effects spread along the magnetic field
lines that are reconnected at the shear Alfve´n speed.
The traditional assumption that reconnection re-
quires the dissipation of the reconnected flux, Equa-
tion (1), implies that reconnection is a competitive
process with the ideal evolution only when the max-
imum current density is proportional the magnetic
Reynolds number Rm. In three dimensions, mag-
netic flux is spatially mixed [7] even in an ideal evo-
lution by the exponential separation of neighboring
magnetic field lines [2]. The implication is that re-
connection becomes competitive when the current
density is proportional to lnRm. Flux mixing con-
serves magnetic helicity [7], so helicity conservation
is intrinsic as Rm →∞.
Equation (2) is the general expression for the mag-
netic field near a point null. Studies of nulls often
set the quadrupole coefficient to zero, but this co-
efficient is of central importance since it is the one
coefficient that cannot change in an ideal evolution.
Acknowledgements
This material is based upon work supported by
the U.S. Department of Energy, Office of Science,
Office of Fusion Energy Sciences under Award Num-
bers DE-FG02-95ER54333, DE-FG02-03ER54696,
de-sc0018424, and de-sc0019479.
[1] A. H. Boozer, Magnetic reconnection in nontoroidal
plasmas, Phys. Plasmas 12, 070706 (2005).
[2] A. H. Boozer, Fast magnetic reconnection and the
ideal evolution of a magnetic field, Phys. Plasmas
26, 042104 (2019).
[3] W. A. Newcomb, Motion of magnetic lines of force,
Ann. Phys. 3, 347 (1958).
[4] A. H. Boozer, Separation of magnetic field lines,
Phys. Plasmas 19, 112901 (2012).
[5] K. Schindler, M. Hesse, and J. Birn, General mag-
netic reconnection, parallel electric-fields, and helic-
ity, Journal of Geophysical Research-Space Physics
93, 5547 (1988).
[6] A. H. Boozer, Physics of magnetically confined plas-
mas, Rev. Mod. Phys. 76, 1071 (2004).
[7] A. H. Boozer, Fast magnetic reconnection and par-
ticle acceleration, arXiv:1902.10860v4. Accepted for
publication by Phys. Plasmas (2019).
[8] J. M. Greene, Geometrical properties of 3-
dimensional reconnecting magnetic fields with nulls,
J. Geophys. Res., 93, 8583 (1988).
[9] Y. T. Lau and J. M. Finn, 3-Dimensional reconnec-
tion in the presence of field nulls and closed field
lines, Ap. J. 350, 672 (1990).
[10] J. M. Greene, Reconnection of vorticity lines and
magnetic field lines, Phys. Fluids B 5, 2355 (1993).
[11] D. I. Pontin, Theory of magnetic reconnection in so-
lar and astrophysical plasmas, Philosophical Trans-
actions of the Royal Society A–Mathematical Phys-
ical and Engineering Sciences 370, 3169 (2012).
[12] E. Priest, MHD structures in three dimensional re-
connection in Magnetic reconnection concepts and
application (ed. W. Gonzalez and E. Parker), Astro-
physics and Space Science Library, 427, 101 (2016).
[13] H. Grad, P. N. Hu, and D. C. Stevens, Adiabatic
evolution of plasma equilibrium, Proc. Nat. Acad.
Sci. USA 72 3789 (1975).
[14] D. Pfefferle, N. Ferraro, S. C. Jardin, I. Krebs,and
A. Bhattacharjee, Modelling of NSTX hot vertical
displacement events using M3D-C1, Phys. Plasmas
25, 056106 (2018).
[15] A. H. Boozer, Non-axisymmetric magnetic fields
and toroidal plasma confinement, Nucl. Fusion 55,
025001 (2015).
[16] A. H. Boozer, Mathematics and Maxwell’s equa-
tions, Plasma Phys. Control. Fusion 52, 124002
(2010).
4
